Proposed experiment to exclude higher-than-quantum violations of the Bell inequality 
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We show that a recent observation by Yan leads to a method to experimentally test whether a 
higher-than-quantum violation of the Clauser-Horne-Shimony-Holt Bell inequality is possible (as- 
suming that the sum of probabilities of pairwise exclusive propositions cannot exceed 1). The 
test requires reaching the maximum quantum violation of a noncontextuality inequality involving 
sequences of three compatible measurements on a five-dimensional quantum system. 
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Introduction. — For years, and since the work of 
Popcscu and Rohrlich [l[, one of the most important 
problems in quantum mechanics (QM) has been finding 
the answer to the question of what fundamental principle 
prevents higher violations of the simplest Bell inequality 
[2]. The simplest Bell inequality is the Clauser-Horne- 
Shimony-Hoh (CHSH) inequality 01 and its maximum 
quantum violation is the so-called Tsirelson's bound 

Different solutions to this problem have been proposed 
recently. They range from an information-theoretic prin- 
ciple (namely, information causality) applied to a bi- 
partite scenario through an observational principle 
(namely, macroscopic locality) suitably formalized @ , to 
the observation that the Tsirelson bound is determined 
by other properties of QM (namely, the uncertainty prin- 
ciple and quantum steering) 

In addition, it has been recently conjectured d, Q that 
the Tsirelson bound may also be the maximum value al- 
lowed by the exclusivity (E) principle, namely, that the 
sum of probabilities of pairwise exclusive propositions 
cannot exceed 1. The E principle is a combination of 
a basic axiom of probability, namely, that the sum of 
probabilities of jointly exclusive events cannot exceed 1 
[10|, with the observation that, in classical physics and 
in QM, but not necessarily in other theories ll|, when 
several propositions are pairwise decidable, then they are 
jointly decidable. Specker conjectured that this may be 
the fundamental principle of QM (l2j . 

The E principle can be applied to any theory that gives 
probabilities of events, i.e., of propositions of the type 
"the result a is obtained when test x is performed and 
the result h is obtained when a test y is performed" ; the 
probability of this event will be denoted as p{a, b\x,y). 
The theory also tells when two events are exclusive. It is 
important to note that we do not assume that the theory 
assigns any specific values to the probabilities. 

In a recent paper [isj . Yan claims that the E princi- 
ple, by itself, singles out the maximum quantum value of 
any noncontextuality (NC) inequality and, in particular, 
singles out the Tsirelson bound of the CHSH inequality. 
However, the proof in Ref. [isj relies on two assump- 
tions that are not true in general, one assumption that 



is wrong since it is based on an incorrect use of the E 
principle, and one extra hidden assumption. This is dis- 
cussed at the end of this paper. The point is that Yan's 
result cannot be interpreted as that the E principle, by 
itself, singles out the Tsirelson bound. However, Yan's 
paper is probably one of the most important recent con- 
tributions for understanding QM, since it is a step in the 
right direction. In particular, Yan's approach suggests 
a method to experimentally test that a violation of the 
CHSH inequality beyond the Tsirelson bound is impos- 
sible, assuming that the E principle holds. The aim of 
this paper is to describe such an experiment. 

A tale of two cities. — Consider an experiment in Lon- 
don (L) to test the maximum quantum violation of the 
CHSH inequality, namely. 
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S'l = 2^ 2^p-L{a,b\i,j) < 3, 
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where the second sum is extended to a, 6 G {^1, 1} satis- 
fying i (a -1-1)® ^(5+1) ~ ij, where © is addition modulo 

LHV 

2, and < 3 means that the maximum value of 5l for 
local hidden variable theories is 3. See Fig.[lja). 

Suppose that, in this experiment, it is observed that, 
as predicted by QM 0] , each of the 8 probabilities in ([T]) 
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PL = « 0.4267, 



S'l = 2 + \/2 w 3.4142, 



(2) 



(3) 



which is the Tsirelson bound of QM. Suppose that, after 
obtaining these results, the scientists in London wonder 
why higher values of S'l cannot be reached. 

Now consider a second, completely independent, ex- 
periment performed in Paris (P). The aim of this second 
experiment is to test the maximum violation predicted 
by QM of the following noncontextuality inequality: 



Sp =^pp(0,0,l|i,i©l,i®2) 
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FIG. 1: (a) Experiment in London to test the CHSH inequal- 
ity given by ([l}. (b) Experiment in Paris to test the NC 
inequality given by Q. 
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< 2 means 



where here © means sum modulo 8 and _ 
that the maximum value of Sp for noncontextual hidden 
variable theories i s 2, something that can be proven using 
the techniques in [ij]. See Fig. [ijb). 



It can be proven using the techniques in IJ] that the 
maximum possible value of Sp in QM is 



Sp = 8-4%/2« 2.3431. 



(5) 



As described in the next section, this maximum value is 
achieved when the value of each of the 8 probabilities in 
Q is 



PP = 1 - ^ w 0.2929. 
V 2 



(6) 



Suppose that, after obtaining these results, scientists in 
Paris wonder why higher values of Sp cannot be reached. 

Now consider both experiments together. The key 
point is that the exclusivity graph of Sp (i.e., the graph 
in which events are represented by vertices and exclusive 
events by adjacent vertices Q) is the complement (i.e., 
the one obtained when adjacent vertices become nonad- 
jacent and nonadjaeent vertices become adjacent) of the 
exclusivity graph of . This implies that we can find sets 
of 8 pairwise exclusive events by considering both exper- 
iments together. The E principle states that the sum of 
their joint probabilities cannot exceed 1. For example, 
the following sum of joint probabilities of 8 global events 
a, 6; c,d,e \ u, v; x, y, z, defined taking one event a,b\u,v 
in London and one event c, d, e | x, y, z in Paris: 



S-Lp =:p(l,l;0,0,l|0,0;6,7,0)+p(-l,-l;0,0,l|0,0;2,3,4)+p(l,l;0,0,l|0,l;5,6,7) + p(-l,-l;0,0,l|0,l;l,2,3) 

+ p(l,l;0,0,l|l,0;7,0,l)+p(-l,-l;0,0,l|l,0;3,4,5)+p(l,-l;0,0,l|l,l;0,l,2) + p(-l,l;0,0,l|l,l;4,5,6) 

(7) 
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cannot exceed 1 according to the E principle, since 
all events in ([7]) are pairwise exclusive. For example, 
1, 1; 0, 0, 1 1 0, 0; 6, 7, and -1, 1; 0, 0, 1 1 1, 1; 4, 5, 6 are ex- 
clusive because test 6 in Paris has different results. 

However, ^lp = 1 is exactly what we obtain when we 
take into account the results in London ([5]) and Paris ^ , 
and we take into account that the experiments in London 
and Paris are independent so 

p{a, b; c,d,e\ u, v; x, y, z) = pi^{a, b \ u, v)pp{c, d,e\x, y, z). 

(8) 

In other words, and assuming that the 8 probabilities 
in London (and pp in Paris) are equal (as will be the 
case in our experiments) , the experiment in London can- 
not give a higher value for S'l without violating the E 
principle when Paris results are taken into account. Re- 
ciprocally, the experiment in Paris cannot give a higher 
value for Sp without violating the E principle when Lon- 
don results are taken into account. 



The point is that, while the maximum value of S'l pre- 
dicted by QM has been experimentally observed many 
times, no experiment so far has tested the maximum 
value for Sp predicted by QM. 

How to perform the complementary experiment. — Here 
we describe an experiment reaching the maximum value 
for 5'p predicted by QM. 

Consider a large set of five-dimensional quantum sys- 
tems prepared in the quantum state given by 

<*i^(\/^-\/^'/^-\/^-»)' 

(9) 

On each of these systems, we sequentially measure three 
mutually compatible observables of one of the following 
sets of observables: {0, 1, 2}, {1, 2, 3}, {2, 3, 4}, {3, 4, 5}, 
{4,5,6}, {5,6,7}, {6,7,0}, and {7,0,1}. For each set, 
each of the 6 possible orderings must be tested (since the 
observables are compatible, the 6 probabilities should be 
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identical in an ideal experiment). The 8 observables in 
are defined as 



i = \vi){vi\, 



(10) 



with i = 0, . . . , 7, and 

(t;o| = (1,0,0,0,0), 
= (0,1,0,0,0), 
(t;2| = (0,0,1,0,0), 



{V3\ 



2- V2,0,0, \/V2-l,-^3V2-Aj , 



3 - 2V2, 2-V2,0, J 2 ( 5\/2 - 7 ) , V 6%/2 - 8 



2 - \/2, 3 - 2\/2, 2 - V2, -2 V 5V2 - 7, , 



0,a/2- 2,2V2~ 3,-W2 (5V2- 7), V6V2-8 



0, 0, 72 - 2, - V \/2 - 1, - V 3\/2 - 4 



(11) 



Each observable i has two possible results: and 1. Ob- 
servables I, i©l, and i®2 (where © is sum modulo 8) are 
compatible, as required for the NC inequality Q, since 
and \viQ2) are mutually orthogonal. When 
these observables are measured sequentially on the same 
system initially prepared in the state they exactly 
reach and ([5]), namely, the maximum quantum viola- 
tion of the inequality (|4]) . 

The proposed experiment is similar to those performed 
m but on a quantum system of dimension five. 

It can be proven that no quantum system of dimension 
smaller than five violates inequality (|4]) up to its quantum 
maximum. 

It may happen that a simpler NC inequality (or even 
a Bell inequality) with the same exclusivity graph and 
violated by QM up to the same maximum exists. Then, 
it can be used, instead of inequality (|4]), for the argument. 

Notice that the compatibility graph (i.e., the graph in 
which observables in the NC inequality are represented 
by vertices and compatible observables are represented by 
adjacent vertices) is isomorphic to the exclusivity graph 
for inequality ^ but not for inequality ([T]). 

Discussion. — The E principle, by itself, exactly singles 
out the maximum quantum violation of an NC inequal- 
ity in three cases: (i) For NC inequalities whose exclu- 
sivity graph G is self-complementary, vertex-transitive, 
and such that the maximum quantum violation equals 
the Lovasz number [l^ of G, i?(G) (u) for fully con- 
textual quantum correlations (defined in [llj), and (iii) 
for NC inequalities whose exclusivity graph G is vertex- 
transitive, QM reaches i?(G), and its complement G is 



the exclusivity graph of fully contextual quantum corre- 
lations (22j . However, in this case, the maximum quan- 
tum value equals the maximum allowed by noncontextual 
theories. 

In addition, numerical evidence suggests that the E 
principle, by itself, applied to an infinite number of copies 
of the experiment we are interested in, may also single 
out the maximum quantum violation of the CHSH in- 
equality 0, 0] and the maximum quantum violation of 
NC inequalities with exclusivity graphs represented by 
odd cycles on n vertices (with n odd > 7) and their com- 
plements j20t . 

In a recent paper [l3l |. Yan claims that the E principle, 
by itself, singles out the maximum quantum value of any 
NC inequality. Yan's argument is based on the following 
four assumptions: (I) The maximum quantum violation 
of any NC inequality is given by i?(G) of the n-vertex 
exclusivity graph G of the events appearing when the 
operator in the NC inequality is expressed as a conical 
sum of probabilities of events S = X]"=o^ where Ci 

denotes an event. (II) For every G, there is a comple- 
mentary graph G to which one can associate unit vectors 
{\vi)}^~Q to the vertices, such that adjacent vertices are 
associated orthogonal vectors and such that there is a 
state I^A) such that equals i?(G). (Ill) For 

any G, the E principle and '!?(G) singles out '!?(G). (IV) 
The vectors {\vi)} in (II) can always be interpreted as 
events of a certain experiment performed on the state 
\'tp) such that their exclusivity graph is exactly G. Then, 
higher-than-quantum violations of the NC inequality can 
be excluded by invoking the E principle because, if we de- 
fine Pi{ei) = K^/jjui)!^, then the exclusivity graph of the 
global events CiCi is the complete graph on n vertices for 
which the E principle imposes that "Y^^^q pieiCi) cannot 
exceed 1. Then, since p{eiei) = p{ei)p{ei), the the E 
principle prevents X]r=o P{^i) ^'^ t)e higher than i9(G). 

The problem is that assumption (I) is not true in gen- 
eral (see Ref. [H] for counterexainples) , assumption (III) 
is not true in general (see Ref. [21| for a counterexam- 
ple), and assumption (IV) is wrong: e^, as defined in 
Yan's argument, is not an event. Therefore, CiCi is not an 
event and then one cannot invoke the E principle which is 
about the sum of probabilities of events. The main prob- 
lem arises in fixing assumption (IV), because finding an 
experiment with events {ej}"Jo^ such that their relation- 
ships of exclusivity are represented by an arbitrary graph 
(G in this case) and such that its maximum quantum vi- 
olation reaches i9(G) is difficult and it is not clear that 
can it be done for any graph, even when assumptions (I) 
and (III) hold. For example, it seems to be impossible for 
the graph in Ref. [2J]. Moreover, the proof seems to need 



an extra assumption, namely, (V) that the maximum is 
achieved when all the probabilities pl and p-p are equal. 

Despite all that, the interesting point is that (I) and 
(III) hold true for the CHSH inequality. Moreover, here 
we have shown that, for the CHSH inequality, we can 
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fix the problem with assumption (IV). Specifically, we 
have shown that there is an NC inequality whose exclu- 
sivity graph is G and such that nature violates it up to 
the Lovdsz number of G. The experimental confirmation 
of this prediction would explain, assuming the E princi- 
ple, why higher violations of the CHSH inequality cannot 
occur. 

An open problem is for which NC inequalities such that 
their maximum quantum violation reaches the Lovasz 
number of the corresponding exclusivity graph G and 
such that G satisfies (III) , there is an NC inequality such 
that its exclusivity graph is represented by G and such 
that its maximum quantum violation reaches the Lovasz 
number of G. This can be probably done for many inter- 
esting NC inequalities and, specifically, for some impor- 
tant NC inequalities whose exclusivity graph is vertex- 
transitive. 

For example, this can be done for two important fam- 
ilies of NC inequalities whose exclusivity graphs are odd 
cycles on n vertices and their complements [20[ . For these 
cases, an NC inequality with exclusivity graph C„, a 
quantum state, a set of obscrvablcs leading to a violation 
equal to z?(C„), a second NC inequality with exclusiv- 
ity graph Cm a second quantum state, and a second set 
of obscrvablcs leading to a violation equal to 'i?(C„) are 
known for any n odd > 7 [2(| . However, to my knowl- 
edge, no experiment testing either of these predictions 
has yet been performed. 

Although Yan's statement in [isj relies on assumptions 
that arc not true in general and one that is wrong, his 
approach can be used to find experimental evidence that, 
assuming that the E principle is satisfied, no violation of 
the CHSH inequality (and other important inequalities) 
can occur beyond the one predicted by QM. 
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